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ABSTRACT

The paper deals with the notion of static output feedback for non-
linear systems. Necessary and sufficient conditions are derived for
'"(C,A,B)-invariance", here called measured controlled invariance, for non-

linear control systems.
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1. INTRODUCTION
I[n linear systems theory an important concept in

obroblems is the notion of invariant subspaces (c

linear system

X = Ax + Bu
(1.1) {

L y = Cx

vith x € ]Rn, u e R" and y € ]RP,A, B and C mat
sions, a subspace V c R" is controlled imvarian
there exists an (m,n)-matrix F defining a linear
1 = Fx + v such that the modified dynamics
(1.2) x = (A+BF)Xx + Bv
leaves V invariant, i.e.
(1.3) (A+BF)V < V.

In a dual fashion we have that a subspace V
)ariant, or (C,A)-invariant, if there exists an
jection - such that the modified system
(1.4) x = (A+KC)x + Bv
leaves V invariant, thus
{1.5) (A+KC)V < V.

[t is well known and easy to see that (1.3) and

(1.6) AV cV + B (B=ImB)

tudy of synthesis
Recall that for t

of appropriate dim
(A,B)-invariant, 1

feedback law

is conditionally

natrix K-output in

are equivalent to




spectively
.7) A(UnKerC) < V.

rombination of these two notions leads to the following concept. A sub-

n . . . .
ice V ¢ R 1is measured controlled invariant - usually called (C,A,B)-in-
riant - if there exists an (m,p) matrix K, defining a static output feed-

)k law u = Ky + v such that the modified dynamics
.8) X = (A+BKC)x + Bv
wes |/ invariant. This is the same as the requirement that the state

adback u = Fx + v in (1.2) only depends on the measurements y. Again it

straightforward to show that (1.8) is equivalent to the following con-

tions
.9a) AV <V + B
.9b) A(VnKer C) < V.

, a subspace U is measured controlled invariant if and only if it is con-
>lled invariant as well as conditionally invariant.

The notions controlled invariance and conditioned invariance also
ise in various synthesis problems for nonlinear systems theory (cfl[2],
> also [3] for further references on nonlinear controlled invariance).
will briefly sketch some ideas concerning nonlinear controlled invariance.
:se ideas have been elaborated in our basic reference [3]; some of the
ressary backgrounds also may be found in the next section. We further-
‘e assume that the reader is familiar with basic notions of differential

metry. Suppose there is given a smooth nonlinear control system (locally)

icribed by

10) X = f(x,u)

:re X € M, the state manifold and u € U, the input manifold . The notion

an (invariant) subspace is generalized to that of an (invariant)




involutive distribution. An involutive distribution D is Zwnv

system (1.10) if
(1.11) [f(-,u),D] c D

for every (constant) input function u. For the direct analog
obtain: there exists a state feedback law

a : M x U=>U such that the modified dynamics
(1.12) % = £(x,a(x,u)) := £(x,u)
satisfies the invariantness condition
(1.13) [E(-,u),D] c D

for every (constant) input function u.

The distribution D is then called controlled invariant.
is desirable to maintain as much open loop control as possib
>ne seeks an a(+,+) such that for all x e M a(x,*): U > U is
Jnder a certain condition, which is analogous to (1.6), one
struct such a feedback function o in a local fashion (i.e. 1

sach point x, a can be found), see [ 3 ].

0
Suppose we also have a smooth output function C : M + Y, whe
>utput-manifold. An involutive distribution D is measured co
variant if there exists a static output feedback B : Y x U »

the modified dynamics

(1.14) % = £(x,B8(C(x)),u)) := f(x,u)
satisfies
(1.15) [(£(+,u),D] c D

for every (constant) input function u. Again we want to main

- for t

(1.2)

urse 1
erefor
feomor
ally c

aroun
s the

ed in-
h that

s much




en loop control as possible; therefore we seek a B(¢,) such that for all

€ YB(y,*) : U~>U is a diffeomorphism. As will be clear, a distribution
is measured controlled invariant implies that D is controlled invariant;
the linear case condition (1.9a) is satisfied. In this paper we will

ow that for measured controlled invariance we also need the nonlinear
alogue of (1.9b), although nonlinear controlled invariance and conditioned
variance are not sufficient conditions for measured controlled invariance.
ne results in this direction already may be found in [2]. The approach

2sented here completely fits in the set-up of [3].

ne notation

Throughout this paper all our objects like manifolds, maps etc. are
>oth. We recall the following canonical construction (see [3]). For a k-
nensional distribution D on a manifold M we can construct a 2(n-k) -dimen-

>nal codistribution P on T in the following way. Define the codistribu-

>n P on M by
P(x) = {6 « T;M ] 8(X) = 0 for every X ¢ D(x)}, X ¢ M.

:n P has a basis of n-k one-forms 6],...,6n_k. Since ei ¢ T'M we can also

1sider Bi as a real function on TM. Now we define éi ¢ T'TM by
éi(X) = X(Gi), with X vectorfield on TM.

wote the natural projection from TM onto M by m. Then also n*ei 12 T*TM.

» codistribution P on T is then defined by

.0},

P = Span{n® 0 6
= Span{m 0 ,,...,m8 ., 6,.. -k

‘thermore we can also define the distribution D on T™ by dualization:

: {X vectorfield on ™ | 6(X) = 0, for every 6 e P},




2. MEASURED CONTROLLED INVARIANCE; DEFINITIONS

As in our previous paper we use the following setting for a nonlinear
control system (see [3] for references). Let M be a manifold denoting the
state space. Let m : B >+ M be a fiberbundle, whose fibers represent the
state-dependent input spaces. Then a control system ©(M,B,f) is defined by

the commutative diagram

B f ™
e —
™ ’H'M
Y
M

where TM denotes the tangentbundle with natural projection ™ and f is a
smooth map. In local coordinates x for M, (x,u) for B this coordinate free

lefinition simply comes down to
x = f(x,u).

We now want to formalize the situation that the inputspace does not
lepend on the whole state, but only on the measurements (outputs). The fol-
lowing definition is very similar to the one proposed by BROCKETT [1] and
related to a definition given by TAKENS [6].

JEFINITION 2.1. A control system with measurements I = Z(M,B,f,Y,E,C,F) is
3iven by the following. Let Z(M,B,f) be a control system. Let T :B > Y be

1 fiberbundle on the outputspace Y. Let C : M > Y be a surjective submersion
lenoting the outputfinction. Furthermore let I' : B + B be a fiberpreserving
nap, such that T maps the fibers of B diffeomorphically onto the fibers of

v

3. Then the control system with measurements is given by the two commutative

liagrams.

B £ ™ B r B
< ] :
M
M M C Y




1ARK 1. The conditions on T are equivalent to asking that B is isomorphic

the pullback bundle of B under C (Compare [11]).

IARK 2. This definition can be naturally interpreted as a specialization
the concept of a dynamical system with external variables given by

JLEMS (see [5] for references).

~

In this framework output-feedback is simply given by a map @ :B-B

h that the diagram

2

EN

=)

Y commutes,

:. 0 is a bundle isomorphism. Given such an %, there exists a state-feed—-

’k @ : B > B (see {3]) such that the following diagram commutes:

B r B

\B r E}/w
/‘ c. }\Y

>

M

:n the system after output-feedback is given by Z(M,B;E) with £ = foq.

We now want to give a coordinatefree definition of local measured con-
'1led invariance. This definition will be a straight-forward extension of
» description of (local) controlled invariance in terms of an integrable
mmection on B, as given in our previous paper [3]. Afterwards we will
w how this definition generates in local coordinates exactly the required
perties of measured controlled invariance (see the introduction). Recall
m [3] that an integrable connection on B is given by a so-called horizon-
. distribution on B, denoted here by H, and that it defines a lifting
cedure of tangentvectors on M to tangentvectors on B. Specifically for

istribution D on M, the connection defines a distribution on B, denoted

Dﬂ'




DEFINITION 2.2 (Zoecl meacured controlled invariance) .

Let I be a control system with measurements. Let D be an involutive distri-
bution (of constant dimension) on M. We call D locally measured controlled

tnvartant if there exists an integrable connection on B (i.e. a horizontal

involutive distribution H) such that

(1) f*DK cD

(1i1) F*H is a horizontal involutive distribution on B.

REMARK 1. Without condition (ii) this is just the description of local con-
trolled invariance of D as derived in [3]. Condition (ii) will ensure that

we only need output-feedback.

REMARK 2. In the same way as in [3, def 3.2] we can give a definition of

ylobal measured controlled invariance.

Now we will show how in local coordinates this definition precisely

gives the required properties. Because of our conditions on ' we can local-

ly find fiber respecting coordinates for B and B such that I' = (C,id). Let
X = (x],...,xn) be such coordinates for M (n-dimensional) and
(x,v) = (Xl""’xn’vl""’vm) for B ((n+m)-dimensional). Then H is spanned

by (see [31])

] 9 .
—8?+hi(x,v)é—;, 1=1,...,n
t
_ _ 9 _ (.3 3\
where hi(x,v) are m-vectors and vl \aVI s s ees avm/

Denote coordinates for B ((p+m)-dimensional) as above by
(y,v) = (y],...,yp,vl,...,vm). The condition that P*H is a horizontal di-
stribution on B is equivalent to the condition that there exist m-vectors

?i(y,v), i=1,...,n, defined on B such that
h, (x,v) = Ei(C(x),v), i=1,...,n.
londition (i) (D is locally controlled invariant) implies that the hi(x,v)

satisfy some integrability conditions which guarantee (locally) the exis-—

tence of a function a(x,v) such that




od

oX.
i

(x,v) = hi(x,a(x,v)) i=1,...,n

ee [3]). In the present case, because hi(x,v) = giC(x),v) there exists a

nction a(y,v) such that
3 ).v) = B (0 a(C(x),v)) i=1 n
axi s i s O ’ ’ 9 ceeglle

is function ;(y,v) is the output-feedback needed; if we define the feed-
k a(x,v) = a(C(x),v), then D is invariant with respect to the dynamics
lified by this feedback. In other words [E(-,;),D] c D for every (con-

int) ;, with E(x,v) = f(x,a(x,v)).
NECESSARY AND SUFFICIENT CONDITIONS

In this section we will prove our main theorem about local measured

itrolled invariance.

IOREM 3.1. Let I be a control system with measurements (definition 2.1).
> D be an tnvolutive distribution on M. Then D is locally measured con-
lled invariant if and only if the following three conditions are satis-
2d

E (D) €D+ £ (a2

* % * 0
D) EX(PHCF(TRY)) > T*(T*B) n (£*P+r*(T*M))

1) f*(é) n F*(T*E) 18 an involutive codistribution
re P 28 defined by P = {6 ¢ T*M | 8(X) = 0 for every X € D} Z.e. D = ker P,

{ Ag s the vertical tangentspace of B, Z.e. Ag = {X ¢ TB | n X = 0}.

[ARK. We have assumed in the theorem above that D, D + f*(AS) and

.. * *~ . .
P) n T (T B) have constant dimension.

Before going on to the proof of this theorem, we will sketch, how in
: linear case conditions (i) and (ii) are equivalent to conditions (1.9a)
- (1.9b), while condition (iii) is automatically satisfied.

this case




ind y = Cx, with y ¢ Y = RP .
[nstead of the distribution D we have a linear subspace V ¢ X, and

tiven by vt

’hen because f(x,u) is linear
£, = (i g) and £* = (
'ondition (i) gives
G 006D ©
hich is readily seen to be equivalent to

3.1) AV + Bc V + Bor AV < V + B.

ondition (ii) gives

(1 Av> [V +(Kerc)® c' o) [y /(1 AN\ {vi> (X
\o B" \Vl+(KerC)l) > (o 1) \v/ " \\o 8"/ W) " o)

r
(V'L+(Kerc)l /AT\ L 1y o /(KerC)l\

3.2) 0 ) + \BT‘} (V +(KerC) ) \ BTV.L /

e can define V' = W W, such that BTIW1 is injective, and BTW2 =

an see that (3.2) is satisfied if and only if

3.3) ATW] c v+ (KerC)l.

rom (3.1) it follows that AT(VlnBl) c Ut Therefore since W. c VUt

2
lso ATW2 c Vl.

oncluding: ATVt c vt o+ (KerC)l, or by dualization




4) A(VnKerC) < V.

OOF (of theorem 3.1).

om [3, theorem 4.13] we know that condition (i) is necessary and suffi-

ent for local controlled invariance of D. In other words condition (1)
equivalent to the existence of a horizontal involutive distribution H

B such that £D, < D (D, defined by H). In fact when £,(a0) n D = 0, the

tribution H above D, i.e. DE’ is uniquely determined. Furthermore we may
itrarily complete DE into a horizontal distribution H.

st we will prove that under condition (i) and the extra assumption

AS) nD = 0, conditions (ii) and (iii) are equivalent to the property

t F*(Dﬂ) is an involutive distribution on B, which contains no vertical
tors (XeTB is called vertical if W*X=0). Then we are done, because we may
itrarily complete F*(Dﬁ) into an involutive horizontal distribution H on

and hence we can construct a horizontal distribution H on B, such that

= H and H above D is equal to D,.

£

basic observation is that DK = ker f*P. Indeed, let (Xl""’xn) be local
rdinates for M, such that D = span {52— yeees 5%—-}, k < n, or equivalent-
P = span {dx dx 1} ! k

P k+12 00 0%
n DZ is spanned by

] of
5;; + h (X,V) 5; ’ 1 =1,...,k

h the hi satisfying (see [3])

sthcomp (522 (x,v) + %% (x,v)hi(x,v)) =0 i=1,...,k
; .

s = k+1,...,n.

ause f*(Ag) nD =0, the hi are uniquely determined. Now

% o
f P = span {dxk+],...,dxn, dfk+],...,dfn}
n 3f of n 9df of
k+1 k+1 n n
= span{dxk+1,...,§xn,'f . dxi *— dv, ..., ) — dx, + —2= dv}

. 9X. 1 ov
1=] i 1=1 i




11

vith v = (Vl’ ...,vm).

3ince f*(AS) nD = 0, the matrix

/
f, 41

v
of
n

oV

1as full rank, and therefore there are no vertical vectors in ker P. A

:lose inspection shows that ker P is exactly equal to D,.

£

From [3,5] we know that F*(keré) is a well defined and involutive di-
stribution on B if and only if ker P + ker r, is an involutive distribution.
)y dualization this is equivalent to the involutiveness of P n F*(T*E).

'inally, under the assumption f (Ae) nD = 0, condition (ii) comes down to
o , - * 0
F(P+C*(T"y)) > I'*(T"B) which exactly says that for an X ¢ Dy> such that

WX € D n ker dC, [ X has to be zero. This is equivalent to the property

‘hat F*DK does not contain vertical vectors.

If we drop the assumption f*(AS) n D =0, we know that DZ is not unique-

y determined. In fact we may arbitrarily (modulo involutiveness) add vectors

. -1 . . . . .
thich are elements of AS n f* (D). In this case, ker P also contains verti-

S ](ﬁ). However modulo AS n f:](ﬁ) the distribu-
ion DZ is uniquely determined, and if condition (iii) is satisfied

(D, (mod Aenf_](ﬁ))) is a well defined distribution on
x L 0

{mod T (aS nf,' (D).

al vectors, namely A n f;

Again condition (ii) is equivalent to the property that
*(Dz(mod Agnf;](ﬁ))) does not contain vertical vectors on
; e oy e
(mod F*(AO nf* 0

orizontal involutive distribution H on B. This generates a horizontal in-

* -1, .
(D)). Finally we can complete F*(Dﬁ(mod A f* (D))) into a

olutive distribution H on B such that H above D equals DK (mod Agnf;l(ﬁ)). 0

We will now specialize theorem 3.1 to the case of cffine systems,

hereby sharpening the results already obtained in [2], and giving neces-

ary and sufficient conditions.




We call a control system with measurements (definition 2.1) an affine
mtrol system with measurements if B and B are vectorbundles, T : B ~ B is
linear map from the fibers of B onto the fibers of E, and £ : B > ™
- an affine map from the fibers of B onto the fibers of TM. Therefore
ere exist (locally) vectorfields A and B. on M, such that
x,u) = A(x) + 2?=1 qui(x). Define A(x) := A(x) + span{Bl(x),...,Bm(x)}
d Ao(x) t= span{Bl(x),...,Bm(x)}

co =

EOREM 3.2. Let I be an affine control system with measurements. Let D be

. inmvolutive distribution on M. Then D is locally measured controlled

varitant if and only <if the following three conditions are satisfied
) (A,D] c D + AO
i) [A,DnkerdC] c D

[Bi,anerdC] c D, (i=1,...,m)

ii) £7B n T(T*B) 4s an imvolutive codistribution

MARK 1. We have assumed that D, D + AO and f*é n P*(T*E) have constant

mension.

MARK 2. f*(P) n F*(T*E) involutive implies ker dC + D involutive. How-
er, this last condition is not sufficient for local measured controlled

variance (see also [2]).

JOF. We know (see [3] for references) that condition (i) is equivalent to
cal controlled invariance for affine systems. Therefore we only have to
ove that under conditions (i) and (iii) condition (ii) is equivalent to
ndition (ii) of theorem 3.1. f*f n F*(T*E) is involutive or equivalently
r f*ﬁ + ker F* is involutive. Therefore H*errf*f+kerr*) = D + ker dC is
volutive. An extended version of Frobenius' theorem see([4]) gives that

cally we can find coordinates (xl,...,xn) for M, such that

_ 3 5\
D n ker dC = span{ax] s sesy BXKJ ’

] 9
D = Span{é'x—l',...,s;{;}, k 24,

K d 9 3 |

and ker dC = spanlax 5o
1




. . . . . 1 2 _
Define for simplicity of notation x = (Xl""’xl)’ x = (X£+1""’Xk)’

3 4
X~ = (xk+1,...,xm) and x = (xm+l,...,xn).

Then P = span {dx3, dx4} ,dC = span {dxz,dx4} , P+ c* (T*y) = span

{dx2 ,dx3
A2,3,4

,dxa} and condition (ii) of theorem 3.1. comes down to (with

2,3,4

and B denoting the 2th, 3rd and 4th components of A respecti

B = (Bl,...,Bm))

3,4, 2

span{dxz,dx3,dx4,d(A2’ +uB ’3’4)} >

4

span{dxz,dx4,du} n (span{dx3,dX4,d(A3’ +u33’4)}

+ span{dx],dxz,dx3,dx4})

>r equivalently:

3 .4

3pan{dx2,dx ,dx 3,4 482 4 83

,d(AZ’ +uB ’3’4)} > span{dxz,dx »B ’4du}.

rom [3] we know that the horizontal part of

3 ., 4 2,3,4+uB2,3,4

cer{dxz,dx ,dx ,d(A )} is spanned by vectors

2o+ (K, ©uth, (0) 2
X

vith Kl(x) m X m matrices and h](x) m-vectors satisfying

3,4 3,4
oA~ B3’4h] = 0, and
oxX X

+ B3’4K = 0.

3.5) 7 1

3,

‘hese vectors are contained in ker {dxz,dxa,B 4du} if and only if

53’4h] = 0 and B3’4Kl = 0. However, by (3.5), this is equivalent to
3,4 3,4
2 -0 ama B -y,
X ox

‘hese are exactly the same conditions as [A,DnkerdC] < D, respectively

Bi,DﬁkerdC] cD, 1i=1,...,m. O
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